Symmetry-protected topological magnons in three dimensional Kitaev
  materials by Choi, Wonjune et al.
Symmetry-protected topological magnons in three dimensional Kitaev materials
Wonjune Choi,1 Tomonari Mizoguchi,2 and Yong Baek Kim1, 3
1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
2Department of Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan
3Canadian Institute for Advanced Research, Toronto, Ontario M5G 1Z8, Canada
Topological phases in magnetic materials offer novel tunability of topological properties via varying
the underlying magnetism. We show that three dimensional Kitaev materials can provide a great
opportunity for controlling symmetry-protected topological nodal magnons. These materials are
originally considered as strong candidates for the Kitaev quantum spin liquid due to the bond-
dependent frustrating spin exchange interactions. As a concrete example, we consider the symmetry
and topology of the magnons in the canted zig-zag ordered state in the hyperhoneycomb β-Li2IrO3,
which can be obtained by applying a magnetic field in the counter-rotating spiral state at zero field.
It is shown that the magnetic glide symmetries and the non-Hermitian nature of the bosonic magnons
lead to unique topological protection that is different from the case of the fermionic counterparts.
We investigate how such topological magnons can be controlled by changing the symmetry of the
underlying spin exchange interactions.
Transition metal oxides/halides with strong spin-orbit
coupling on trivalent lattices are getting much atten-
tion in the past few years [1–5], due to the possibility
of realizing the celebrated Kitaev spin liquid, a quan-
tum disordered state whose spins are fractionalized into
Majorana fermions [6–13]. Most of these Kitaev ma-
terials are magnetically ordered at ambient pressure
and zero magnetic field [14–16], due to the presence of
other anisotropic exchange interactions in addition to
the Kitaev’s bond-dependent Ising interaction between
the spin-orbit-coupled jeff = 1/2 moments [9, 10, 17–
19]. Recent efforts have focused on the suppression of the
magnetic order to achieve the putative spin liquid state
[20–28]. So far limited effort has been made to investi-
gate possible topological phenomena in the magnetically
ordered states in these systems [29, 30].
In this paper, we theoretically study the symmetry-
protected topological nodal magnons in three dimen-
sional Kitaev materials, whose properties can be tuned
by changing the underlying magnetic order. It has been
known that the novel bond-dependent exchange inter-
actions lead to the highly unusual counter-rotating in-
commensurate spiral order in β-Li2IrO3 [14, 17, 31, 32],
where the spin-orbit coupled jeff = 1/2 local moments
of Ir4+ are located on the three-dimensional hyperhon-
eycomb lattice. Upon the application of an external
magnetic field along the bˆ-axis, a recent experiment has
found the phase transition to a canted zig-zag order
[Fig. 1 (a)] [33, 34]. As follows, we investigate the
role of non-symmorhic magnetic space group symme-
tries on the topological nature of the magnons in this
field-induced canted zig-zag order in β-Li2IrO3. Even
though the magnetic order itself is topologically triv-
ial, its magnon excitations exhibit topologically pro-
tected zero and one-dimensional gapless band touching
dispersions (Fig. 1). By constructing the symmetry-
constrained generic magnon Hamiltonian, we explicitly
show that the magnon pairing originating from the spin-
orbit coupling is responsible for the glide-protected nodal
lines and Weyl points. The magnon pairing and the
non-conservation of the magnon number reflect the non-
Hermitian nature of bosonic magnon systems. Unlike
fermionic counterparts, these gapless nodal lines/points
are not obtained by partially gapping out higher dimen-
sional gapless band crossings. Instead, they are born out
of the bosonic statistics of magnons, which realizes the
magnon spectrum in a non-Hermitian fashion. Using the
magnetic space group symmetry and the classification of
non-Hermitian topological phases [35, 36], we find that
the integer topological invariants guarantee the stability
of these topological magnon spectra.
Model. – The minimal spin model for β-Li2IrO3, so
called JKΓ model [17, 18], consists of the Heisenberg
interaction (J), the Kitaev interaction (K), and the off-
diagonal exchange (Γ) between the nearest-neighbor local
moments:
HJKΓ =
∑
α-link
J ~Sj · ~Sk +KSαj Sαk + ξjkΓ(Sβj Sγk + Sγj Sβk ),
(1)
where α = x, y, z denotes three different types of the
nearest-neighbor links, and the lattice symmetry de-
termines the sign ξjk = ±1 for the off-diagonal ex-
change [Fig. 1 (a)][17]. This model not only reproduces
the known zero-field ground state, incommensurate non-
coplanar spiral [14, 17, 31, 32], but also the recently dis-
covered field-induced canted zig-zag order [33, 34] under
a sufficiently strong magnetic field along bˆ-axis (Sz direc-
tion), Hh = −h
∑
j S
z
j .
Based on first principle calculations [37], the exper-
imentally relevant set of parameters for β-Li2IrO3 is
(J,K,Γ) = (0.063,−1,−0.33) in energy unit |K| = 1
[38]. Since the Heisenberg interaction is much smaller
than the other two interactions, we focus on the system
with varying strength of ferromagnetic Γ < 0 and fixed
J = 0.063.
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FIG. 1. (a) Field-induced canted zig-zag order. The sign
ξjk for the off-diagonal exchange is shown. (b) Topological
magnons with (J,K,Γ, h) = (0.063,−1,−0.33, 0.065). The
magnetic glides (T d2, T d3) protect the green nodal lines, and
the glide mirror d1 protects the red nodal lines. Red (orange)
and blue (green) points represent the Weyl magnons between
the first (second) and second (third) bands with chirality −1
and +1, respectively. (c) Generic magnon band crossing with-
out magnon pairing. The magnon pairing gaps out the blue
nodal lines.
Linear spin wave theory. – Given the field-induced
magnetic ground state, we study the magnon excita-
tions within linear spin wave theory. We construct a
generic magnon Hamiltonian based on the symmetries
of the magnetic order and range of interactions. While
the JKΓ model on the hyperhoneycomb lattice respects
time-reversal symmetry T and Fddd space group gen-
erated by three glide mirror planes (d1, d2, d3) (defini-
tions of d1,2,3 are in Supplementary Material [38]), an
external magnetic field and induced magnetic order ex-
plicitly/spontaneously break time-reversal symmetry T
and two glide mirror symmetries d2 and d3. However,
the magnetic order is still invariant under the product of
time-reversal and glide plane symmetries,
T d2 : (Sxj , Syj , Szj )→
(
Syd2(j), S
x
d2(j)
, Szd2(j)
)
, (2)
T d3 : (Sxj , Syj , Szj )→
(
−Syd3(j),−Sxd3(j), Szd3(j)
)
. (3)
Therefore, the symmetry group for the canted zig-zag
order is the magnetic space group Fdd′d′ generated by
one glide mirror plane d1 and two magnetic glides d
′
2 =
T d2 and d′3 = T d3.
If the physical Hamiltonian only possesses the nearest-
neighbor interactions, the Fdd′d′ symmetry-constrained
generic magnon Hamiltonian is of the form
Hˆ =
1
2
∑
q,l,l′
(
b†ql b−q,l
)
(Hhop +Hpair)
(
bql′
b†−q,l′
)
(4)
with
Hhop = a0 + b0σ1
+ x0
(
A11s
1σ1 +A21s
2σ1 +A12s
1σ2 +A22s
2σ2
)
, (5)
Hpair = b1σ1τ1
+ x1
(
A11s
1σ1 +A21s
2σ1 +A12s
1σ2 +A22s
2σ2
)
τ1
+ y2
(
B11s
1σ1 +B21s
2σ1 +B12s
1σ2 +B22s
2σ2
)
τ2,
(6)
where sα, σα, τα are the Pauli matrices, A and B are
momentum dependent coefficients, and the other coeffi-
cients are constants [38]. We relabel four sublattice sites
l = 2s′+σ′+1 with two flavors s′ = 0, 1 and σ′ = 0, 1. sα
and σα act on these two-dimensional flavor spaces, and
τα acts on the particle-hole space. Since the six param-
eters a0, b0, b1, x0, x1, y2 are implicit functions of J,K,Γ,
and h, we can deduce their numerical values by construct-
ing the magnon Hamiltonian directly from JKΓh model.
Note that our magnon Hamiltonian has not only the
hopping termsHhop but also magnon pairing termsHpair.
Due to the bosonic statistics, [bi, b
†
j ] = −[b†j , bi], a unitary
transformation is no longer canonical in the presence of
pairing; the bosonic Bogoliubov-de Gennes (BdG) Hamil-
tonian should be diagonalized with a paraunitary trans-
formation T such that Tτ3T † = T †τ3T = τ3. Then the
energy spectrum of the Hermitian magnon Hamiltonian
Hˆ comprises of the eigenvalues of a non-Hermitian effec-
tive Hamiltonian τ3 (Hhop +Hpair) [39, 40]. Therefore,
the emergence of topological magnons with pairing is es-
sentially related to the non-Hermitian topological phases
[35, 36, 41].
On physical grounds, magnon pairing Hpair is a conse-
quence of the non-collinear magnetic order and the bond-
directional interactions originating from the spin-orbit
coupled nature of jeff =
1
2 moments. If the magnetic
order were collinear and the physical Hamiltonian had
SU(2) spin rotation symmetry, the magnetic space group
symmetry would have S˜z rotation invariance, which pre-
serves the number of magnons b†jbj and prevents pairing
of bosons.
Kramers degeneracy due to magnetic glides. – With
fixed J = 0.063 and magnetic field h = 0.065 above the
critical field hc (pure canted zig-zag order is stable for
h > hc), we map out the phase diagram for the magnon
dispersions (Fig. 2). Near the experimentally relevant
region, −0.4 ≤ Γ ≤ −0.2, we find two distinct types of
nodal lines and a number of Weyl points.
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<latexit sha1_base64="fikwE8hJukT9n+lpH Qsgn0AxC9k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU91VQY9FDwpeKtgP6C4lm2bb0CS7JFmhb Ps3vHhQxKt/xpv/xrTdg1YfDDzem2FmXphwpo3rfjmFpeWV1bXiemljc2t7p7y719RxqghtkJjHqh 1iTTmTtGGY4bSdKIpFyGkrHF5P/dYjVZrF8sGMEhoI3JcsYgQbK/n+DRYCoxM0vht3yxW36s6A/hIv JxXIUe+WP/1eTFJBpSEca93x3MQEGVaGEU4nJT/VNMFkiPu0Y6nEguogm908QUdW6aEoVrakQTP150 SGhdYjEdpOgc1AL3pT8T+vk5roMsiYTFJDJZkvilKOTIymAaAeU5QYPrIEE8XsrYgMsMLE2JhKNgR v8eW/pHla9c6q7v15pXaVx1GEAziEY/DgAmpwC3VoAIEEnuAFXp3UeXbenPd5a8HJZ/bhF5yPb9a1k OU=</latexit>
-0.2 -0.25 -0.39-0.34
FIG. 2. Magnon phase diagram with (J, h) = (0.063, 0.065).
T d2 and T d3 protected green nodal lines always exist. Strong
Γ gaps out d1 protected red nodal lines between the first and
second bands, but another d1 protected nodal lines emerge
between the third and fourth bands at Γ > −0.34|K|. There
are four Weyl points between the first and second bands and
six Weyl points between the second and third bands at kv = 0
and ku = 0 plane, respectively.
The most robust nodal lines (green lines in Fig. 2)
which do not change their locations, originate from the
magnetic glide T d2 and T d3. When the magnetic glides
act on the momentum state |q1, q2, q3, l〉, we obtain
T d2 : |q1, q2, q3, l〉 →
|q3 − q2,−q2, q1 − q2, 3〉∗ , l = 1
|q3 − q2,−q2, q1 − q2, 4〉∗ , l = 2
e2piiq2 |q3 − q2,−q2, q1 − q2, 1〉∗ , l = 3
e2piiq2 |q3 − q2,−q2, q1 − q2, 2〉∗ , l = 4,
(7)
T d3 : |q1, q2, q3, l〉 →
|q2 − q3, q1 − q3,−q3, 4〉∗ , l = 1
|q2 − q3, q1 − q3,−q3, 3〉∗ , l = 2
e2piiq3 |q2 − q3, q1 − q3,−q3, 2〉∗ , l = 3
e2piiq3 |q2 − q3, q1 − q3,−q3, 1〉∗ , l = 4,
(8)
where q = q1b1 + q2b2 + q3b3 and bj are the reciprocal
lattice vectors. Thus, we can see that (T d2)2 = e±2piiq2
and (T d3)2 = e±2piiq3 , which imply (T d2)2 = −1 when
q2 = 1/2 and (T d3)2 = −1 when q3 = 1/2.
Although the magnon is not a spin-1/2 excita-
tion, a pair of sublattices {(1, 2), (3, 4)} for T d2 and
{(1, 4), (2, 3)} for T d3 act as a pseudospin-1/2, {↑, ↓}.
Therefore (T d)2 = −1 results in the Kramers degeneracy
which guarantees the band crossing at the magnetic glide
invariant momenta with q2,3 = 1/2; we get two straight
lines of two-fold degenerate momentum points,
q =
1
2
(b1 + b2) + q(b1 + b3) (9)
for (T d2)2 = −1, and
q =
1
2
(b1 + b3) + q(b1 + b2) (10)
for (T d3)2 = −1.
Note that the magnetic glide enforces the band cross-
ing. This implies that this band crossing must occur even
if we turn off the pairing (Hhop only) [Fig. 1 (c)]. After
we analytically diagonalize Hhop,
En(q) = a0 ±
[
b20 + x
2
0(A
2
11 +A
2
12 +A
2
21 +A
2
22)
± 2
√
b20x
2
0(A
2
11 +A
2
21) + x
4
0(A11A22 −A12A21)2
] 1
2
,
(11)
we can see that the first and second band touching and
the third and fourth band touching happen when
A11 =
1
2
(1 + cos(2piq1) + cos(2piq2) + cos(2piq3)) = 0,
(12)
A21 =
1
2
(sin(2piq1) + sin(2piq2) + sin(2piq3)) = 0, (13)
which implies three one-dimensional nodal lines
q =
1
2
(b1 + b2) + qu(b1 + b3), (14)
q =
1
2
(b1 + b3) + qv(b1 + b2), (15)
q =
1
2
(b2 + b3) + qw(b2 + b3). (16)
The third nodal line band touching [Eq. (16)] along
b2 + b3 direction [the straight blue lines in Fig. 1 (c)]
is accidental and eventually lifted as soon as we intro-
duce magnon pairing. However, the first two nodal lines
are robust even if we include Hpair.
Glide protected topological nodal lines. – There are an-
other kind of nodal lines between the first (third) and
second (fourth) bands at qz = 0 plane. Unlike the mag-
netic glide protected nodal lines, these nodal lines can
merge into a point and vanish under sufficiently strong
off-diagonal exchange (red lines in Fig. 2). However, it
is still stable within some finite region in the parameter
4space because of the glide mirror d1. As the qz = 0 plane
is invariant under d1, the eigenvalue for the glide mirror
is a good quantum number within the plane. Therefore
band crossing can occur between bands having different
d1 eigenvalues, εe
−piiq1 with ε = ±1.
In spite of the benign mechanism, the presence of this
nodal line can be quite puzzling if we consider the spec-
trum of Hhop. Recall that Hhop gives no band crossing at
qz = 0 plane other than the T d protected nodal lines. In
the case of fermionic superconductors, the pairing term
destabilizes the Fermi surface and reduces the dimension-
ality of the gapless spectrum. In order to get a gapless
superconductor, the parent metallic state needs to be
“more” gapless because the pairing introduces another
channel for the mass term. However, our most generic
parent Hamiltonian, Hhop, does not have any non-trivial
nodal lines (except T d-protected nodal lines) no matter
which parameters we choose. This observation naturally
raises a question how d1 protected nodal line appears.
The solution comes from the bosonic nature of
magnons. Recall that the magnon pairing demands us to
diagonalize the effective non-Hermitian matrix τ3(Hhop+
Hpair). Because the pairing channels for magnons intro-
duces non-Hermitian terms which are squared to be nega-
tive numbers, the spectrum for bosonic BdG Hamiltonian
can be much richer than the bosonic Bloch Hamiltonian.
To be concrete, at qz = 0 plane, our effective Hamiltonian
has the form
τ3(Hhop +Hpair) = a0τ3 + b0σ1τ3 + ib1σ1τ2
+ ε
[
(α(q)σ1 + β(q)σ2)(x0τ
3 + ix1τ
2)
+ iy2(γ(q)σ
1 + δ(q)σ2)τ1
]
, (17)
where α, β, γ, δ are momentum dependent coefficients
and ε = ±1 is the sign of d1 eigenvalue, εepiiq1 [38]. If we
diagonalize the non-Hermtian matrix, the energy spec-
trum has following structure:
En(q) =
(
a20 + (b0 + εx0α)
2 + ε2x20β
2
−
{
(b1 + εx1α)
2 + ε2x21β
2 + y22(γ
2 + δ2)
}
±2
(
a20(b0+εx0α)
2+ε2a20x
2
0β
2+ε2y22
(
εx1βγ−(b1+εx1α)δ
)2
−
{
ε2β2
(
x1(b0 + εx0α)− x0(b1 + εx1α)
)2
+ ε2y22
(
εx0βγ − (b0 + εx0α)δ
)2}) 12) 12
. (18)
Note all those sqaure terms in the curly brackets multi-
plied to a negative sign in Eq. (18) come from the non-
Hermitian pairing terms in Eq. (17).
Weyl magnons. – Weyl points are another topological
magnons which are emergent due to the magnon pair-
ing. Although the Weyl points can exist in three spatial
dimensions without any symmetry, our generic magnon
Hamiltonian does not show any point-like band touching
between the first and second bands in the absence of the
pairing term.
All Weyl points are located at two perpendicular
planes of the Brillouin zone because of the magnetic
glides T d2,3 and inversion symmetry P = d−11 d2d−13 ;
the four Weyl points between the first and second bands
(red and blue points in Fig. 2) are located at the PT d3-
invariant plane, and the Weyl points between the second
and third bands (orange and green points in Fig. 2) are
located at the PT d2-invariant plane. Because the PT d2,3
require the magnon Hamiltonian H(q) at the symmetry
planes to be real up to an unitary transformation, two
magnon bands (with an appropriate basis choice) can be
written as
f0(q)µ
0 + f1(q)µ
1 + f3(q)µ
3, (19)
where µα are the Pauli matrices and fα(q) are real-valued
functions. Since we have two variable momenta at the
symmetry planes and two equations, f1(q) = f3(q) = 0,
for the band crossing, the PT d symmetry can protect
the zero-dimensional magnon band touching, just as the
Dirac cones of the ideal graphene are protected by the
PT symmetry.
In summary, we investigated the symmetry-protected
topological magnons in the field-induced canted zig-zag
order in the hyperhoneycomb iridate, β-Li2IrO3. We
clarify the roles of the magnetic space group symme-
tries on the emergence of topological nodal lines and
Weyl points in the magnon spectra. The generic magnon
Hamiltonian is derived to show that these topological
magnons require the pairing of magnons, which is an im-
portant consequence of the broken SU(2) spin rotation
symmetry of the bond-directional interactions in Kitaev
materials. We explained how varying the strength of the
interactions influences the shapes and locations of the
nodal lines and Weyl points. Since the off-diagonal ex-
change interactions depend on the direct overlap between
Ir orbitals [18], the evolution of topological magnons can
be tested experimentally by pressurizing the sample. It
would also be interesting to study how the symmetry
breaking perturbations such as the magnetic fields along
aˆ- or cˆ-axis may gap out these gapless band touching.
If the Berry curvature remains large near the small gap
opening, the perturbations may result in a large change
in the anomalous thermal Hall response.
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1Supplemental Materials for “Symmetry-protected topological magnons in three
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ESTIMATION OF THE COUPLING STRENGTH
Microscopically, the coupling constants J , K, and Γ are derived from the strong coupling expansion of the multi-
orbital Hubbard model [7, 17, 18]. Because of the edge-sharing octahedron oxygen cages, direct and indirect hopping
integrals between t2g orbitals (e.g., for z-links) of Ir ions can be organized as
hzjk = dˆ
†
j
t1 t2 0t2 t1 0
0 0 t3
 dˆk, (S1)
where dˆj = (dj,yz, dj,zx, dj,xy)
T (spin index is suppressed). Then the coupling strengths are given by the following
formulae [17, 18]:
J =
4
27
[
(2t1 + t3)
2(4JH + U)
U2
− 16JH(t1 − t3)
(2U + 3λ)2
]
, (S2)
K =
32JH
9
[
(t1 − t3)2 − 3t32
(2U + 3λ)2
]
, (S3)
Γ =
64JH
9
t2(t1 − t3)
(2U + 3λ)2
, (S4)
where U is the intra-orbital Coulomb repulsion, JH is the Hund coupling, and λ quantifies the strength of spin-orbit
coupling.
Based on first-principle calculations [37], we choose U = 3.0 eV, JH = 0.2U , and λ = 0.516 eV. With the parame-
terization
(J,K,Γ) = J0(sin θ cosφ, sin θ sinφ, cos θ), (S5)
we get J0 = 8.03 meV and (θ, φ) = (0.60pi, 1.52pi), which give K < 0, Γ < 0, and J > 0. Because the Kitaev
interaction K is dominant, we take |K| = 1 as a unit of energy. Then (J,K,Γ) = (0.063,−1,−0.33) are the most
relevant choice of parameters for β-Li2IrO3.
Fddd SPACE GROUP SYMMETRY
An interacting spin Hamiltonian on the hyperhoneycomb lattice respects Fddd space group symmetry, which is
generated by three glide planes d1, d2, and d3. The glide mirror planes for d1, d2, and d3 are all passing through
the bond center of the neighboring l = 2 and l = 3 sites and orthogonal to the bˆ, cˆ, and aˆ-axis, respectively. Due
to spin-orbit coupling, the symmetry transformations not only transform lattice sites but also rotate local moments
accordingly.
With the primitive lattice vectors a1, a2, and a3 [Fig. 1 (a)], location of each spin, r = xa1 + ya2 + za3 + δl, can
be labelled with integers x, y, z ∈ Z and the sublattice index l = 1, 2, 3, 4. Then
d1 :(x, y, z, l)→

(x+ y + z,−z,−y, 3), l = 1
(x+ y + z,−z,−y, 4), l = 2
(x+ y + z + 1,−z,−y, 1), l = 3
(x+ y + z + 1,−z,−y, 2), l = 4,
(Sxj , S
y
j , S
z
j )→ (−Sxd1(j),−Syd1(j), Szd1(j)), (S6)
2d2 :(x, y, z, l)→

(−z, x+ y + z,−x, 3), l = 1
(−z, x+ y + z,−x, 4), l = 2
(−z, x+ y + z + 1,−x, 1), l = 3
(−z, x+ y + z + 1,−x, 2), l = 4,
(Sxj , S
y
j , S
z
j )→ (−Syd2(j),−Sxd2(j),−Szd2(j)), (S7)
d3 :(x, y, z, l)→

(−y,−x, x+ y + z, 4), l = 1
(−y,−x, x+ y + z, 3), l = 2
(−y,−x, x+ y + z + 1, 2), l = 3
(−y,−x, x+ y + z + 1, 1), l = 4.
(Sxj , S
y
j , S
z
j )→ (Syd3(j), Sxd3(j),−Szd3(j)), (S8)
With the Fourier transformation Sαjl =
1√
N
∑
q S
α
qle
−iq·Rj , the symmetry transformations act on the Fourier space
q = q1b1 + q2b2 + q3b3 (the reciprocal lattice vector bj is normalized as aj · bk = 2piδjk) as following:
d1 : |q1, q2, q3, l〉 →

|q1, q1 − q3, q1 − q2, 3〉 , l = 1
|q1, q1 − q3, q1 − q2, 4〉 , l = 2
e−2piiq1 |q1, q1 − q3, q1 − q2, 1〉 , l = 3
e−2piiq1 |q1, q1 − q3, q1 − q2, 2〉 , l = 4.
(S9)
d2 : |q1, q2, q3, l〉 →

|q2 − q3, q2, q2 − q1, 3〉 , l = 1
|q2 − q3, q2, q2 − q1, 4〉 , l = 2
e−2piiq2 |q2 − q3, q2, q2 − q1, 1〉 , l = 3
e−2piiq2 |q2 − q3, q2, q2 − q1, 2〉 , l = 4.
(S10)
d3 : |q1, q2, q3, l〉 →

|q3 − q2, q3 − q1, q3, 4〉 , l = 1
|q3 − q2, q3 − q1, q3, 3〉 , l = 2
e−2piiq3 |q3 − q2, q3 − q1, q3, 2〉 , l = 3
e−2piiq3 |q3 − q2, q3 − q1, q3, 1〉 , l = 4.
(S11)
Because the glides accompany a half-translation, the lattice translations T1,2,3 along a1,2,3 can be generated from
the glide mirrors:
(d1)
2 = T1, (d2)
2 = T2, (d3)
2 = T3. (S12)
The hyperhoneycomb lattice also has inversion symmetry P with respect to the bond center of the neighboring sites
l = 2 and l = 3. The inversion can be also generated by the glide mirrors, P = d−11 d2d−13 . Because all spatial
symmetries commute with time-reversal symmetry T , JKΓ model respects FdddoT on the hyperhoneycomb lattice.
In the presence of a field-induced canted zig-zag order [Fig. 1 (a)],
Sj =

S
(√
1−m2
2 ,−
√
1−m2
2 ,m
)
, l = 1, 4,
S
(
−
√
1−m2
2 ,
√
1−m2
2 ,m
)
, l = 2, 3,
(S13)
where S = 1/2 is spin length of the local moment, m ∈ [−1, 1] is a z-component of the magnetic moment in the global
Cartesian coordinates, the symmetry group is spontaneously reduced to Fdd′d′ magnetic space group generated by
one glide d1 and two magnetic glides d
′
2 = T d2 and d′3 = T d3.
3LINEAR SPIN WAVE THEORY
Derivation of the magnon Hamiltonian
To derive the magnon Hamiltonian, we first rotate the spin operator at each site such that z-component of the
rotated spin operator S˜zj is parallel to the local magnetic ordering[42]. For a generic spin model, the local spin rotation
Sαj = R
αβ
j S˜
β
j gives
Hˆ =
1
2
∑
jk
∑
α,β=x,y,z
Sαj J
αβ
jk S
β
k =
1
2
∑
jk
∑
α,β=x,y,z
S˜α
′
j (R
T
j )
α′αJαβjk R
ββ′
k S˜
β′
k ≡
1
2
∑
jk
∑
α,β=x,y,z
S˜αj J˜
αβ
jk S˜
β
k (S14)
=
1
2
∑
jk
( ∑
α,β=x,y
S˜αj J˜
αβ
jk S˜
β
k + S˜
z
j J˜
zz
jk S˜
z
k +
∑
α=x,y
S˜zj J˜
zα
jk S˜
α
k + S˜
α
j J˜
αz
jk S˜
z
k
)
. (S15)
With the linearlized Holstein-Primakoff transformation [43],(
S˜xj
S˜yj
)
≈
√
S
2
(
1 1
−i i
)(
bj
b†j
)
, S˜zj = S − b†jbj , (S16)
we can obtain the magnon Hamiltonian by collecting the terms up to quadratic order:
Hˆ =
1
2
∑
jk
(
S˜xj S˜
y
j
)(J˜xxjk J˜xyjk
J˜yxjk J˜
yy
jk
)(
S˜xk
S˜yk
)
+
S2
2
∑
jk
J˜zzjk −
S
2
∑
jk
J˜zzjk (b
†
jbj + b
†
kbk) (S17)
=
S
4
∑
jk
(
b†j bj
)[(1 i
1 −i
)(
J˜xxjk J˜
xy
jk
J˜yxjk J˜
yy
jk
)(
1 1
−i i
)](
bk
b†k
)
+ E0 − S
2
∑
jk
J˜zzjk (b
†
jbj + b
†
kbk) (S18)
≡ E0 + S
2
∑
jk
(
b†j bj
)(Ajk Bjk
B∗jk A
∗
jk
)(
bk
b†k
)
, (S19)
where E0 =
S2
2
∑
jk J
zz
jk is the classical ground state energy of the magnetic order, and
Ajk =
1
2
[
(J˜xxjk + J˜
yy
jk )− i(J˜xyjk − J˜yxjk )
]
− J˜zzjk δjk (S20)
Bjk =
1
2
[
(J˜xxjk − J˜yyjk ) + i(J˜xyjk + J˜yxjk )
]
. (S21)
The last cross terms between S˜x,y and S˜z in Eq. (S15) gives linear boson terms, but they must be vanishing after we
sum over all lattice sites j, k in order to have stable magnetic order. If the magnon Hamiltonian has non-vanishing
linear terms, then the ground state has non-vanishing expectation value 〈bj〉, which implies condensation of magnon
and instability of the assumed magnetic order.
Diagonalization of bosonic Bogoliubov-de Gennes (BdG) Hamiltonian
To diagonalize the bosonic BdG Hamiltonian, we need to find a linear transformation T (q) such that
Hˆ =
1
2
∑
q
(
b†q b−q
)H(q)( bq
b†−q
)
=
1
2
∑
q
(
γ†q γ−q
)
T (q)†H(q)T (q)
(
γq
γ†−q
)
(S22)
=
1
2
∑
q
(
γ†q γ−q
)(E(q) 0
0 E(−q)
)(
γq
γ†−q
)
≡ 1
2
∑
q
(
γ†q γ−q
) E(q)( γq
γ†−q
)
=
∑
q
(
E(q) +
1
2
)
γ†qγq (S23)
If H(q) is Hermitian and positive-definite, we can factorize the matrix into product of the lower-triangular matrix
by the Cholesky decomposition: H(q) = K(q)†K(q). Because E(q) is diagonal, we can define √E(q). Then
E(q) =
√
E(q)U(q)†[(K(q)†)−1K(q)†][K(q)K(q)−1]U(q)
√
E(q) (S24)
=
(
K(q)−1U(q)
√
E(q)
)†
H(q)
(
K(q)−1U(q)
√
E(q)
)
≡ T (q)†H(q)T (q). (S25)
4While the above expression is true for any unitary transformation U(q), not every unitary transformation results in
canonical transformation, i.e., we also demand that the linear transformation T (q) preserves the bosonic commutation
relation [γ(q), γ(q′)] = δ(q − q′). To preserve the commutation relationship, T (q) must satisfy the paraunitary
condition [39]
T (q)†τ3T (q) = T (q)τ3T (q)† = τ3. (S26)
From this condition we determine the unitary transformation U(q),
T (q)†τ3T (q) =
√
E(q)U(q)†(K(q)−1)†τ3K(q)−1U(q)
√
E(q) (S27)
=
√
E(q)U(q)† (K(q)τ3K(q)†)−1 U(q)√E(q). (S28)
If U(q) is a unitary transformation diagonalizing K(q)τ3K(q)†,
U(q)†
(
K(q)τ3K(q)†
)
U(q) = L(q), (S29)
then Eq. (S28) gives E(q) = τ3L(q).
Note that the paraunitary condition implies
T (q)†H(q)T (q) = E(q)⇒ [τ3H(q)]T (q) = τ3 (T (q)†)−1 E(q) = T (q)(E(q) 0
0 −E(−q)
)
. (S30)
Therefore the spectrum of the bosonic BdG Hamiltonian is a set of eigenvalues of non-Hermitian matrix τ3H(q).
SYMMETRY CONSTRAINTS ON THE MAGNON HAMILTONIAN
In this section, we derive the generic magnon Hamiltonian based on the Fdd′d′ magnetic space group symmetry.
Because we are interested in JKΓh model, we only consider the nearest-neighbor interactions and on-site terms.
Let’s start from the following general nearest-neighbor magnon Hamiltonian:
H = S
∑
j
φ†j1 ·B · φj2 + φ†j2 ·R · φj3 + φ†j+3ˆ,2 ·G · φj3 + φ
†
j3 · B¯ · φj4 + φ†j+1ˆ,1 · R¯ · φj4 + φ
†
j+2ˆ,1
· G¯ · φj4
− S
2
∑
j
µ1b
†
j1bj1 + µ2b
†
j2bj2 + µ3b
†
j3bj3 + µ4b
†
j4bj4, (S31)
=
S
2
∑
q
φ†q1 ·B · φq2 + φ†q2 ·
(
R+Ge2piiq3
) · φq3 + φ†q3 · B¯ · φq4 + φ†q1 · (R¯e2piiq1 + G¯e2piiq2) · φq4 + h.c.
− S
2
∑
q
µ1b
†
q1bq1 + µ2b
†
q2bq2 + µ3b
†
q3bq3 + µ4b
†
q4bq4, (S32)
where j = (x, y, z) is the unit cell index, φjl = (bjl, b
†
jl)
T , and the Fourier transformation is defined as
φjl =
1√
N
∑
q
φql e
−iq·Rj . (S33)
For clarity, we write φql = φ(q1, q2, q3, l) with q = q1b1 +q2b2 +q3b3 and φjl = φ(x, y, z, l) with Rj = xa1 +ya2 +za3
and aµ · bν = 2piδµν .
Constraints due to glide mirror d1
Using Eq. (S9),
dˆ1φqldˆ
−1
1 =
1√
N
∑
j
φd1(j,l)e
iq·Rj =

φ(q1, q1 − q3, q1 − q2, 3), l = 1
φ(q1, q1 − q3, q1 − q2, 4), l = 2
e−2piiq1φ(q1, q1 − q3, q1 − q2, 1), l = 3
e−2piiq1φ(q1, q1 − q3, q1 − q2, 2), l = 4.
(S34)
5With q˜ ≡ (q1, q1 − q3, q1 − q2), we can rewrite the Hamiltonian under the d1 transformation:
dˆ1Hdˆ
−1
1 =
S
2
∑
q
φ†q˜,3 ·B · φq˜,4 + φ†q˜,4 · (R+Ge2piiq3)e−2piiq1 · φq˜,1 + φ†q˜,1 · B¯ · φq˜,2
+ φ†q˜,3 · (R¯e2piiq1 + G¯e2piiq2)e−2piiq1 · φq˜,2 −
S
2
∑
q
µ1b
†
q˜,3bq˜,3 + µ2b
†
q˜,4bq˜,4 + µ3b
†
q˜,1bq˜,1 + µ4b
†
q˜,2bq˜,2 (S35)
Because the Hamiltonian invariant under d1,
B = B¯, R = R¯†, G = G¯†, µ1 = µ3, µ2 = µ4. (S36)
Constraints due to magnetic glide T d2
In momentum space, T flips the momentum q→ −q and complex conjugates the constants. Hence, from Eq. (S10),
(T dˆ2)φql(T dˆ2)−1 =

φ(q3 − q2,−q2, q1 − q2, 3), l = 1
φ(q3 − q2,−q2, q1 − q2, 4), l = 2
e2piiq2φ(q3 − q2,−q2, q1 − q2, 1), l = 3
e2piiq2φ(q3 − q2,−q2, q1 − q2, 2), l = 4.
(S37)
Then with q˜ = (q3 − q2,−q2, q1 − q2),
(T d2)H(T d2)−1 = S
2
∑
q
φ†q˜,3 ·B∗ · φq˜,4 + φ†q˜,4 · (R∗e−2piiq˜2 +G∗e−2piiq˜1) · φq˜,1 + φ†q˜,1 · B¯∗ · φq˜,2
+ φ†q˜,3 · (R¯∗e−2piiq˜3 + G¯∗) · φq˜,2 −
S
2
∑
q
µ∗1b
†
q˜,3bq˜,3 + µ
∗
2b
†
q˜,4bq˜,4 + µ
∗
3b
†
q˜,1bq˜,1 + µ
∗
4b
†
q˜,2bq˜,2. (S38)
In order to be invariant under T d2,
B¯ = B∗, R = G¯T , G = R¯T , µ1 = µ3, µ2 = µ4. (S39)
Constraints due to magnetic glide T d3
The magnetic glide T d3 acts on the momentum space as
(T dˆ3)φql(T dˆ3)−1 =

φ(q2 − q3, q1 − q3,−q3, 4), l = 1
φ(q2 − q3, q1 − q3,−q3, 3), l = 2
e2piiq3φ(q2 − q3, q1 − q3,−q3, 2), l = 3
e2piiq3φ(q2 − q3, q1 − q3,−q3, 1), l = 4.
(S40)
After we relabel the momentum q˜ = (q2 − q3, q1 − q3,−q3),
(T d3)H(T d3)−1 = S
2
∑
q
φ†q˜,4 ·B∗ · φq˜,3 + φ†q˜,3 · (R∗ +G∗e2piiq˜3)e−2piiq˜3 · φq˜,2 + φ†q˜,2 · B¯∗ · φq˜,1
+ φ†q˜,4 · (R¯∗e−2pii(q˜2−q˜3) + G¯∗e−2pii(q˜1−q˜3)e−2piiq˜3 · φq˜,1 −
S
2
∑
q
µ∗1b
†
q˜,4bq˜,4 + µ
∗
2b
†
q˜,3bq˜,3 + µ
∗
3b
†
q˜,2bq˜,2 + µ
∗
4b
†
q˜,1bq˜,1.
(S41)
Hence, the magnetic glide T d3 demands
BT = B¯, R = GT , R¯ = G¯T , µ1 = µ4, µ2 = µ3. (S42)
6Constraints due to “particle-hole” symmetry
Based on Fdd′d′ magnetic space group symmetry, we found that the genetic nearest neighbor magnon Hamiltonian
must satisfy
B = B∗ = BT = B¯, R = R† = R¯ = GT = G¯T , µ1 = µ2 = µ3 = µ4 ≡ a0, (S43)
i.e., B = B¯ are real symmetric matrices and R = R¯ = GT = G¯T are Hermitian matrices.
In addition to the symmetries of magnetic order, the BdG Hamiltonian has built-in “particle hole” symmetry,
τ1H(q)T τ1 = H(−q). This symmetry imposes further constraints on the structure of the Hamiltonian.
B = τ1BT τ1 = τ1Bτ1 ⇒ [B, τ1] = 0⇒ B = b0 + b1τ1, (S44)
R ≡ X + iY = τ1RT τ1 = τ1XT τ1 + iτ1Y T τ1 = τ1Xτ1 − iτ1Y τ1
⇒ [X, τ1] = 0, {Y, τ1} = 0⇒ X = x0 + x1τ1, Y = iy2τ2, (S45)
where we decompose the Hermitian matrix R into sum of a real symmetric matrix X and pure imaginary skew-
symmetric matrix iY . Therefore there are only six real parameters a0, b0, b1, x0, x1, y2 ∈ R for non-interacting magnon
Hamiltonian constrained by the magnetic space group symmetries and the built-in particle hole symmetry.
The generic nearest-neighbor magnon Hamiltonian
This section summarizes the results we have found. As we discussed in the main text, we can relabel four sublattice
sites l = 1, 2, 3, 4 with two separate 2-dimensional flavor indices s′ = 0, 1 and σ′ = 0, 1. Then the Fdd′d′-symmetry
constrained generic magnon Hamiltonian has the form:
Hhop = a0 + b0σ1 + x0
(
A11(q)s
1σ1 +A21(q)s
2σ1 +A12(q)s
1σ2 +A22(q)s
2σ2
)
, (S46)
Hpair = b1σ1τ1 + x1
(
A11(q)s
1σ1 +A21(q)s
2σ1 +A12(q)s
1σ2 +A22(q)s
2σ2
)
τ1
+ y2
(
B11(q)s
1σ1 +B21(q)s
2σ1 +B12(q)s
1σ2 +B22(q)s
2σ2
)
τ2, (S47)
where
A11(q) =
1
2
(1 + cos(2piq1) + cos(2piq2) + cos(2piq3)) , (S48)
A12(q) =
1
2
(sin(2piq3)− sin(2piq1)− sin(2piq2)) , (S49)
A21(q) = −1
2
(sin(2piq1) + sin(2piq2) + sin(2piq3)) , (S50)
A22(q) =
1
2
(1 + cos(2piq3)− cos(2piq1)− cos(2piq2)) , (S51)
B11(q) =
1
2
(1 + cos(2piq1)− cos(2piq2)− cos(2piq3)) , (S52)
B12(q) =
1
2
(sin(2piq2)− sin(2piq1)− sin(2piq3)) , (S53)
B21(q) = −1
2
(sin(2piq1)− sin(2piq2)− sin(2piq3)) , (S54)
B22(q) =
1
2
(1 + cos(2piq2)− cos(2piq1)− cos(2piq3)) , (S55)
and a0, b0, b1, x0, x1, y2 ∈ R are fixed constants, q = q1b1 + q2b2 + q3b3 with q1, q2, q3 ∈ (− 12 , 12 ].
Note that six real parameters are further constrained by the positive definiteness of the magnon Hamiltonian. If we
directly construct the magnon Hamiltonian from the original interacting spin Hamiltonian, the magnon Hamiltonian
is always positive definite as long as the given magnetic order is stable.
7ANALYTIC SOLUTIONS FOR THE MAGNON SPECTRUM
The spectrum of Hhop
To compute the spectrum for the purely hopping Hamiltonian, Eq. (S56), we need to find the algebraic equation
which the Hamiltonian Hhop satisfies.
Hhop = a0 + b0σ1 + x0
(
A11s
1σ1 +A21s
2σ1 +A12s
1σ2 +A22s
2σ2
)
, (S56)
Because
(Hhop − a0)2 = b20 + x20
(
A211 +A
2
21 +A
2
12 +A
2
22
)
+ 2b0x0(A11s
1 +A21s
2) + 2x20
(
A21A12 −A11A22s3
)
s3σ3, (S57){
(Hhop − a0)2 −
[
b20 + x
2
0
(
A211 +A
2
21 +A
2
12 +A
2
22
)]}2
= 4b20x
2
0(A
2
11 +A
2
21) + 4x
2
0 (A21A12 −A11A22)2 , (S58)
we can conclude that
En(q) = a0 ±
√
b20 + x
2
0 (A
2
11 +A
2
21 +A
2
12 +A
2
22)± 2
√
b20x
2
0(A
2
11 +A
2
21) + x
4
0(A21A12 −A11A22)2 (S59)
The spectrum of Hhop +Hpair at glide mirror d1 invariant plane (qz = 0)
We can utilize the similar strategy to get the spectrum for the generic magnon Hamiltonian at qz = 0 plane. First
we organize the magnon Hamiltonian Hhop + Hpair so that the glide plane symmetry is manifest. Using following
trigonometric identities,
sinx+ sin y + sin z = 4 sin
(
x+ y
2
)
sin
(
y + z
2
)
sin
(
z + x
2
)
+ sin(x+ y + z), (S60)
sinx+ sin y − sin z = 4 sin
(
x+ y
2
)
cos
(
y + z
2
)
cos
(
z + x
2
)
− sin(x+ y + z), (S61)
cosx+ cos y + cos z = 4 cos
(
x+ y
2
)
cos
(
y + z
2
)
cos
(
z + x
2
)
− cos(x+ y + z), (S62)
cosx+ cos y − cos z = 4 cos
(
x+ y
2
)
sin
(
y + z
2
)
sin
(
z + x
2
)
+ cos(x+ y + z), (S63)
the momentum dependent coefficients A and B at qz = 0 (equivalently q1 = q2 + q3 in the reciprocal lattice vector
basis) becomes
A11(q) = 2 cos (pi(q2 + q3)) cos (piq2) cos (piq3) , (S64)
A12(q) = −2 cos (pi(q2 + q3)) sin (piq2) cos (piq3) , (S65)
A21(q) = −2 sin (pi(q2 + q3)) cos (piq2) cos (piq3) , (S66)
A22(q) = 2 sin (pi(q2 + q3)) sin (piq2) cos (piq3) , (S67)
B11(q) = −2 cos (pi(q2 + q3)) sin (piq2) sin (piq3) , (S68)
B12(q) = −2 cos (pi(q2 + q3)) cos (piq2) sin (piq3) , (S69)
B21(q) = 2 sin (pi(q2 + q3)) sin (piq2) sin (piq3) , (S70)
B22(q) = 2 sin (pi(q2 + q3)) cos (piq2) sin (piq3) . (S71)
Then
A11s
1σ1 +A21s
2σ1 = 2 cos (piq2) cos (piq3)
[
cos (pi(q2 + q3)) s
1 − sin (pi(q2 + q3)) s2
]
σ1, (S72)
A12s
1σ2 +A22s
2σ2 = −2 sin (piq2) cos (piq3)
[
cos (pi(q2 + q3)) s
1 − sin (pi(q2 + q3)) s2
]
σ2, (S73)
B11s
1σ1 +B21s
2σ1 = −2 sin (piq2) sin (piq3)
[
cos (pi(q2 + q3)) s
1 − sin (pi(q2 + q3)) s2
]
σ1, (S74)
B12s
1σ2 +B22s
2σ2 = −2 cos (piq2) sin (piq3)
[
cos (pi(q2 + q3)) s
1 − sin (pi(q2 + q3)) s2
]
σ2. (S75)
8Note that the glide mirror operator can be written as
dˆ1 = e
pii(q2+q3)
[
cos (pi(q2 + q3)) s
1 − sin (pi(q2 + q3)) s2
]
(S76)
≡ epii(q2+q3)εˆ (S77)
at the d1-invariant plane q1 = q2 + q3. Because the glide mirror eigenvalue is a good quantum number at this plane,
we can treat εˆ = ±1 as a number on this plane. Then we can write the magnon Hamiltonian as
τ3H = a0τ3 + b0σ1τ3 + ib1σ1τ2 + ε
[(
α(q)σ1 + β(q)σ2
)
(x0τ
3 + ix1τ
2) + iy2
(
γ(q)σ1 + δ(q)σ2
)
τ1
]
(S78)
= a0τ
3 + (b0 + εx0α(q))σ
1τ3 + i (b1 + εx1α(q))σ
1τ2 + εx0β(q)σ
2τ3 + iεx1β(q)σ
2τ2 + iεy2
(
γ(q)σ1 + δ(q)σ2
)
τ1,
(S79)
where
α(q) = 2 cos(piq2) cos(piq3), (S80)
β(q) = −2 sin(piq2) cos(piq3), (S81)
γ(q) = 2 sin(piq2) sin(piq3), (S82)
δ(q) = 2 cos(piq2) sin(piq3). (S83)
If τ3H satisfies an algebraic equation P (x) = 0, then Eq. (S30) gives
P
(
τ3H) = T (q)P (τ3E(q))T (q)−1 = T (q)(P (E(q)) 0
0 P (−E(−q))
)
T (q)−1 = 0, (S84)
which implies P (E(q)) = 0. Therefore if we find the equation P (x) for τ3H, the spectrum corresponds to positive
roots of the algebraic equation.
Since(
τ3H)2 = E20 + 2a0(b0 + εx0α(q))σ1 + 2a0εx0β(q)σ2 + 2iεβ(q) [x1(b0 + εx0α(q))− x0(b1 + εx1α(q))]σ3τ1
+ 2iεy2 [εx0β(q)γ(q)− (b0 + εx0α(q))δ(q)]σ3τ2 + 2εy2 [εx1β(q)γ(q)− (b1 + εx1α(q))δ(q)]σ3τ3, (S85)
where E20 = a
2
0 + (b0 + εx0α(q))
2 − (b1 + εx1α(q))2 + ε2
[
(x20 − x21)β(q)2 − y22(γ(q)2 + δ(q)2)
]
, we can read out that
the spectrum should be
En(q) =
(
E20 ± 2
[
a20
(
(b0 + εx0α(q))
2 + ε2x20β(q)
2
)− ε2β(q)2 [x1(b0 + εx0α(q))− x0(b1 + εx1α(q))]2
+ ε2y22
{
[εx1β(q)γ(q)− (b1 + εx1α(q))δ(q)]2 − [εx0β(q)γ(q)− (b0 + εx0α(q))δ(q)]2
}] 1
2
) 1
2
(S86)
